A phase-space description of the Laguerre -Gaussian modes is presented that points out the connection between these modes and the Hermite -Gaussian modes. We exploit the underlying phase-space symmetries to derive a closed-form expression for the Wigner distribution function of Laguerre -Gaussian modes. This expression is as compact as the one for the Hermite -Gaussian modes.
The Wigner distribution function, originally discovered in quantum mechanics, 1 has come to play an ever-increasing role in the description of both coherent and partially coherent beams and their passage through f irst-order systems.
2
Since symmetric first-order systems are separable in Cartesian as well as in polar coordinates, both the Hermite -Gaussian (HG) and the Laguerre-Gaussian (LG) modes turn up as eigenmodes of such systems. Examples of symmetric systems include free propagation and systems of thin spherical lenses separated by free propagation sections; laser resonators bounded by spherical (and plane) mirrors constitute another important class of examples.
3
The Wigner function that corresponds to a HG mode has been known since the early days of quantum mechanics, 4 and it takes a simple closed form in terms of Laguerre polynomials. Surprisingly, the Wigner function that corresponds to a LG mode does not seem to have been studied in detail until the work of Gase.
5
The expression for the Wigner function derived by Gase involved a fourfold summation. Further, Gase's approach did not take advantage of phase-space symmetry aspects that are natural to the Wigner representation. In this Letter we show that one can use these symmetry considerations first to bring out the precise connection between the HG and LG classes of modes and then to obtain for the Wigner distribution of a generic LG mode a closed-form expression that is as compact as the one for HG modes.
With the position variables denoted r ͑x, y͒ and the momentum (direction) variables denoted p ͑ p x , p y ͒, the Wigner distribution that corresponds to a field amplitude c͑ r͒ in a chosen transverse plane is given by 1,2
Here l -l͑͞2p͒ (where l is the wavelength), analogously toh in wave mechanics.
6
The one-dimensional HG modes
n 0, 1, · · · are basically the energy eigenfunctions of a quantum oscillator. The corresponding Wigner distribution functions are
Since the two-dimensional HG modes are products of the one-dimensional HG modes,
their Wigner distribution functions follow from the result for the one-dimensional case:
Equations (4) and (5) are normalized to unit irradiance; if the irradiance I fi 1, the f ield amplitude and the Wigner distribution are simply multiplied by p I and I , respectively.
Let r be the norm of r and u be its polar angle, so that r ͑x, y͒ ͑r cos u, r sin u͒. Then the waist-plane f ield amplitude of the LG modes has the form 3,7
